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Vibration of Pretwisted Adaptive Rotating Blades Modeled
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Problemsrelated to mathematicalmodelinganddynamicbehaviorofpretwisted adaptiverotatingbladesarecon-
sidered. The blade is modeled as a thin-wall, single-cell beam encompassing nonclassical effects such as anisotropy,
transverse shear, and warping restraint. The adaptive capabilities provided by a system of piezoactuators bonded
or embedded into the structure are also implemented in the system. Based on the converse piezoelectric effect and
of out-of-phase activation, boundary control moments are piezoelectrically induced at the beam tip. Two feedback
control laws relating the induced bendingmomentswith the appropriatelyselected kinematical response quantities
are used, and the bene� cial effects of the implementation of the active feedback control, considered in conjunction
with that of the structural tailoring on the eigenvibration characteristics, are highlighted.

Introduction

R OTOR blades are vital and critical components of jet engines,
turbomachinery,tilt rotor aircraft, and helicopters.A thorough

understandingof dynamiccharacteristicsof rotatingblades is essen-
tial toward determining their fatigue life and avoiding catastrophic
failures. The accurate determination of dynamic characteristics is
also essential toward a rational prediction of their forced response,
resonant behavior, and � utter instability characteristics.

The design of advancedrotor blades was signi� cantly in� uenced
by the incorporationof compositematerial technology.As compared
to their metallic counterparts, composite design of rotor blades of-
fers considerable advantages with respect to strength and weight
criteria, in addition to providing adequate means of ef� ciently con-
trollingstaticanddynamicresponseviaimplementationofstructural
tailoring.

An important step toward the rational design of modern rotor
bladesand propellersconsistsof the developmentof analyticalmod-
els that are capableof accuratelypredictingtheir dynamic behavior.
Moreover, to enhance their dynamic behavior and avoid vibration-
induced fatigue failure, new technologies have to be implemented.
One way to accomplishsuchgoalsconsistsof incorporationof adap-
tive materials technology into the host structure. In contrast to tra-
ditional passive structures, in those featuring adaptive capabilities,
the natural frequencies,damping, and mode shapes can be tuned to
avoid structural resonance and to enhance dynamic response char-
acteristics. In addition, due to the nature of intelligent structures,
which feature a highly distributednetwork of sensors and actuators,
more encompassing control schemes would be feasible to be im-
plemented. For helicopter and tilt rotor aircraft, the incorporation
of adaptive materials technology for vibration control could result
in signi� cant increases in comfort, range, fatigue life, etc. In this
sense, piezoelectric materials are excellent candidates for the role
of sensors and actuators.
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Within this study, the free vibration of pretwisted rotating beams
featuring transversebending– lateral bending– transverse shear cou-
plings and incorporatingthe adaptivecapability referred to as strain
actuationis investigated.The adaptivecapabilityis achievedthrough
the converse piezoelectric effect consisting of the generation of lo-
calized strains in response to an applied voltage. The induced strain
� eld produces, in turn, an adaptive change in the dynamic response
characteristicsof the structure.

Implementationof a control law relating the applied electric � eld
to one of themechanicalquantitiescharacterizingtheblade response
accordingto a prescribedfunctionalrelationshipresults in an eigen-
valueproblem. Its solutionsupplies the closed-loopeigenvaluesthat
are functions of the applied voltage, that is, of the feedback control
gain. Under consideration is a blade rotating with constant angular
velocity and modeled as a single-cell,pretwisted, thin-/thick-walled
beam. Although of an evident practical importance, to the best of
the authors’ knowledge no studies related to the topic of this inves-
tigation can be found in the specialized literature.Even for the non-
adaptivecase, the literaturedevoted to the free-vibrationproblemof
rotating composite blades modeled as thin-walled beams reveals an
extreme paucity of results. The available survey papers1¡5 summa-
rizingtheachievementsin problemsrelatedto this topicdemonstrate
this fact. The goal of this paper is just to � ll the existing gap in the
literature and to supply pertinent information in this area. The re-
sults obtainedherein constitutea generalizationand continuationof
those previously obtained in Refs. 6–12.

Structural Model: Basic Assumptions
The caseof a straightpretwisted� exiblebeamof length L rotating

with the constant angular velocity X normal to the plane of rotation
is considered. The origin of the rotating axis system .x; y; z/ is
located at the blade root at an offset R0 from the rotation axis � xed
in space. R0 is also the radius of the hub (considered to be rigid) in
which the blade is mounted and which rotates about its polar axis
through the origin O (see Fig. 1). Besides the coordinates x; y, and
z, we also de� ne the local coordinates x p; y p , and z p , where x p and
y p are the principal axes of an arbitrary beam cross section.7

The two coordinate systems are related by the following trans-
formation formulas:

x.s; z/ D x p cos ¯ ¡ y p sin ¯ (1a)

y.s; z/ D x p sin ¯ C y p cos ¯ (1b)

z.s/ D z p (1c)
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a)

b)

Fig. 1 Geometry of the pretwisted beam and its cross section with the
embedded piezoactuators.

where ¯ D ¯0 Nz is the pretwist of the current section z D Nz, whereas
¯0 is the pretwist per unit beam length.

The inertial reference system .X; Y; Z / is attached to the center
of the hub O . By i, j, and k and I, J, and K, we de� ne the unit
vectors associated with the frame coordinates x; y, and z and X; Y ,
and Z , respectively.In addition, a local (surface) coordinate system
.s; z; n/ associatedwith the beam is considered. Its geometric con-
� guration and the typical cross section along with the associated
system of coordinatesare presented in Figs. 1a and 1b. The precone
and presetting angles of the blade are assumed to be zero. It is fur-
ther assumed that the rotation takes place in the plane .X; Z / with
the constant angular velocity X .´ ÄJ D Äj/, with the spin axis
along the Y axis. The structural model corresponds to a thin-/thick-
walled beam. In this context, the case of a single-cell, thin-walled
beam (TWB) of uniform closed section is considered, where the
spanwise, z coordinate axis coincides with a straight unspeci�ed
reference axis.

Toward its modeling, the following assumptions are adopted:
1) The original cross-section shape of the beam is preserved.
2) Both primary and secondary (thickness) warping effects are

included.
3) Transverse shear, rotatory inertia and centrifugal acceleration

effects are included.
4) A special layup inducing � apping– lagging coupling, on one

hand, and twist–extension coupling, on the other hand, is imple-
mented.

Kinematics
In light of assumptions 1–4 and to reduce the three-dimensional

elasticity problem to an equivalent one-dimensional one, the com-
ponents of the displacement vector are represented as10¡12

u.x; y; zI t/ D u0.zI t/ ¡ yÁ.zI t/ (2a)

v.x; y; zI t/ D v0.zI t/ C xÁ.zI t/ (2b)

w.x; y; zI t/ D w0.zI t/ C µx .zI t/

µ
y.s/ ¡ n

dx

ds

¶
C µy.zI t/

£
µ

x.s/ C n
dy

ds

¶
¡ Á0.zI t/[F!.s/ C na.s/] (2c)

In these equations,u0.zI t/; v0.zI t/, and w0.zI t/ are the rigid-body
translationsalong the x; y, and z axes, whereas Á.zI t/ and µx .zI t/
and µy .z; t/ are the twist about the z axis and the rotations about the

x and y axes, respectively.The expressions of µx and µy as well as
of the geometric quantity a.s/ are

µx .zI t/ D °yz.zI t/ ¡ v 0
0.zI t/ (3a)

µy .zI t/ D °xz.zI t/ ¡ u 0
0.zI t/ (3b)

a.s/ D ¡y.s/
dy

ds
¡ x.s/

dx

ds
(3c)

In Eqs. (2), F!.s/ and na.s/ are primary and secondary warp-
ing functions, respectively. For their de� nition, see Refs. 6–9, for
example.

It is readily seen that, by virtue of Eqs. (2) and (3), the statement
of the cross-sectionalnondeformability (implying ²x x D 0, ²yy D 0,
and °x y D 0 and, consequently, ²nn D ²ss D °sn D 0) as well as the
continuity requirement of w along the midline contour, that is,

I ³
@w

@s

´
ds D 0

are ful� lled. It is also seen that in the absence of transverse shear
effects

µx .zI t/ D ¡v0
0.zI t/ (4a)

µy.zI t/ D ¡u 0
0.zI t/ (4b)

In these equations, as well as in the forthcoming ones, the primes
denote differentiationwith respect to the longitudinal z coordinate.
The positionvectorof a point M.x; y; z/ belongingto the deformed
structure is

R.x; y; zI t/ D .x C u/ i C .y C v/ j C .z C w/k C R0 (5)

where x , y, and z are the Cartesian coordinates of a point of the
continuum in its undeformed state, whereas u, v, and w are dis-
placement components de� ned through Eqs. (2). Recalling that the
spin rate was assumed to be constant, with the help of equations
expressing the time derivatives of unit vectors (i, j, k), one obtains
the velocity and acceleration vectors of an arbitrary point M of the
beam:

PR D Vx i C Vy j C vzk (6a)

RR D ax i C ay j C azk (6b)

respectively,where their components are

Vx D Pu C .R0 C z C w/Ä (7a)

Vy D Pv (7b)

Vz D Pw ¡ .x C u/Ä (7c)

ax D Ru C 2 PwÄ ¡ .x C u/Ä2 (8a)

ay D Rv (8b)

az D Rw ¡ 2 PuÄ ¡ .R0 C z C w/Ä2 (8c)

In these equations and the following ones, the superposed dots de-
note time derivatives and the terms underscored by one or two
solid lines are associatedwith Coriolis and centrifugal inertia terms,
respectively.

Equations of Motion and Boundary Conditions
Toward the goal of deriving the equations of motion of rotating

beams and the associated boundary conditions, Hamilton’s varia-
tional principle is used. This variational principle may be stated
as13

± J D
Z t1

t0

ÁZ

¿

¾i j ±²i j d¿ ¡ ±K ¡
Z

Ä¾
Q
si ±vi dÄ

¡
Z

¿

½ Hi ±vi d¿

!
dt D 0 (9)
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where

U D 1
2

Z

¿

¾i j ²i j d¿ (10a)

K D
1

2

Z

¿

½. PR ¢ PR/ d¿ (10b)

are the strain energy functionaland the kinetic energy, respectively.
In these equations, t0 and t1 are two arbitrary instants of time,

d¿ .´ dn ds dz/ is the differential volume element, and
Q
s i .´ Q

¾ i j n j /
are the prescribed components of the stress vector on a surface ele-
ment of the undeformed body characterizedby the outward normal
components ni . Also, Hi are the components of the body forces,
Ä¾ is the external area of the body over which the stresses are
prescribed, ½ is the mass density, an undertilde sign identi� es a
prescribed quantity, and ± is the variation operator. In Eqs. (9)
and (10) the Einstein summation conventionapplies to repeated in-
dices, where Latin indices range from 1 to 3. In the same equations,
.v1; v2; v3/ ´ .u; v; w/, and .x1; x2; x3/ ´ .x; y; z/.

In light of Eqs. (2), (5), (6), and (8), on imposing Hamilton’s
condition ±vi D 0 at t0 and t1, performing the integration over the s
and n directions, one obtains for

Z t1

t0

±K dt ´ ¡
Z t1

t0

dt

Z

¿

[½ RRi ¢ ±Ri ] d¿

the expression
Z t1

t0

±K dt ´ ¡
Z t1

t0

»» Z L

0

¡
n

b1

±
Ru0 C 2 Pw0Ä ¡ u0Ä

2
²

±u0

C b1 Rv0±v0 C b1

h
Rw0 ¡ 2 Pu0Ä ¡ .R0 C z C w0/Ä2

i
±w0

C Iyy

±
Rµ

PPP
y ¡ Ä2µy

²

»»»
±µy C

h
Ix x

±
Rµ

PPP
x ¡ Ä2µx

²

»»»
C 2I 0

x x Ä PÁ
i
±µx

C
h

I p
RÁ ¡ 2I 0

xx Ä Pµx ¡ I 0
x x Ä2Á ¡ I!!

±
RÁ00 ¡ Ä2Á00

- - - -- - - -

²i
±Á

o
dz dt

¡
h

I!!

±
RÁ0 ¡ Ä2Á0

- - -- - -

²i
±Á

iL

0
dt

¼ ¼
(11)

Herein, for the sake of identi� cation, in addition to the previously
de� ned conventions, the terms associated with 1) the inertial warp-
ing,2) thecentrifugalwarping,3) rotatoryinertia,and 4)centrifugal-
rotatoryeffect are underscoredby 1)one interruptedlinesuperposed
on a solid line, 2) two superposeddashed lines, 3) a dotted line, and
4) a solid line superposed on an undulated line, respectively. The
expressions of structural and mass cross-sectionalblade character-
istics intervening in Eq. (11) have been supplied in Refs. 8 and 9
and will not be repeated here.

From Eq. (11) it becomesapparent that Coriolis accelerationcon-
stitutes a source of additionalcouplingsbetween extension–lagging
and� apping–twist. In the forthcomingdevelopmentthese termswill
be discarded.

For the variation of the strain energy functional, one obtains
Z t1

t0

Z

¿

¾i j ±²i j d¿ dt D
Z t1

t0

Z L

0

¡fT 0
z ±w0 C .M 0

y ¡ Q x /±µy

C .M 0
x ¡ Q y /±µx C [B 00

! C M 0
z C .Tr Á

0/0]±Á

C [Q 0
x C .Tzu

0
0/0]±u0 C [Q 0

y C .Tzv
0
0/0]±v0g dz dt

C
Z t1

t0

h
Tz±w0 C My±µy C Mx ±µx ¡ B! ±Á0

C .B 0
! C Mz C Tr Á

0/±Á C .Qx C Tzu
0
0/±u0

C .Q y C Tzv
0
0/±v0

iL

0
dt (12)

In the preceding equations, the terms underscored by dashed lines
are associated with the warping restraint effect. The equations of

motion and theassociatedboundaryconditionscanbeobtainedfrom
Eqs. (9–12). These equationsexpressedin terms of one-dimensional
stressresultantsTz; Q x , and Q y , stress couples Mx ; My , and Mz , and
bimoment B! have been presented in Refs. 8 and 9 and will not be
repeated here.

Governing System
The governingsystem of rotatingelastic blades will be expressed

in terms of displacement quantitites. This can be accomplished by
replacing in the equationsof motion and static boundary conditions
theone-dimensionalstress-resultantsandstress-couplesrepresented
in terms of displacement quantities.

For thegeneralcaseofanisotropyofconstituentmaterialsandply-
stackingsequence,theobtainedgoverningsystemand theassociated
boundary conditions would exhibit a complete coupling between
the various modes, that is, warping (primary and secondary), bend-
ing (� apping and lagging), twist, extension, and transverse shear-
ing. The assessment of the in� uence of these couplings and their
proper exploitation (e.g., see Refs. 10–12) should constitute an im-
portanttask toward a rationaldesignof bladestructuresof helicopter
and tilt rotoraircraftandof theproperuseof the exoticmaterialchar-
acteristics,that is, anisotropyand ply-stackingsequence,generating
these couplings.

Moreover,becauseof the inclusionof the pretwist,additionalcou-
plings are induced,which in such a general contextwould add more
complexities to the problem (e.g., see Ref. 14). For these reasons,
in the present analysis a special ply-angle distribution inducing the
elastic coupling between � apwise bending and chordwise bending
will be considered.This ply-angledistributionreferredto as circum-
ferentiallyuniformstiffness(CUS) con� guration15;16 is achievedby
skewing angle plies with respect to the beam axis according to the
law µ .y/ D µ.¡y/ in the top and bottom � anges and to the law
µ.x/ D µ.¡x/ in the lateralwebs. Angle µ denotes the dominant ply
orientation measured from the positive s axis toward the positive
z axis. On implementing this ply-angle scheme, the corresponding
equations of motion and boundary conditions are obtained from
the variational principle [Eq. (9)]. Employment in these equations
of constitutive equations, of strain-displacement relationships, and
of Eqs. (1) yields the governing equations expressed in terms of
displacement quantities as

±u0 : [a43.z/µ 0
x C a44.z/.u 0

0 C µy / C a45.z/.v 0
0 C µx /]0 ¡ b1 Ru0

C b1u0Ä2 C b1Ä
2[R.z/u0

0]
0 D 0 (13a)

±v0 : [a52.z/µ 0
y C a55.z/.v 0

0 C µx / C a45.z/.u 0
0 C µy/]0

¡ b1 Rv0 C b1Ä
2[R.z/v0

0]
0 D 0 (13b)

±µy : [a22.z/µ 0
y C a25.z/.v0

0 C µx / C a23.z/µ 0
x ]

0 ¡ a44.z/.u0
0 C µy/

¡ a43.z/µ 0
x ¡ a45.z/.v 0

0 C µx / ¡ [b5.z/ C b15.z/]
±

Rµ
PPP

y ¡ Ä2µy

²

»»»
¡ [b6.z/ ¡ b13.z/] Rµ

PPP
x D 0 (13c)

±µx : [a33.z/µ 0
x C a23.z/µ 0

y C a34.z/.u 0
0 C µy /]0 ¡ a55.z/.v 0

0 C µx /

¡ a52.z/µ 0
y ¡ a54.z/.u 0

0 C µy / ¡ [b4.z/ C b14.z/]
±

Rµ
PPP

x ¡ Ä2µx

²

»»»

¡ [b6.z/ ¡ b13.z/]
±

Rµ
PPP

y ¡ Ä2µy

²

»»»
D 0 (13d)

From the same variational theorem, assuming the blade to be
clamped at z D 0 and free at z D L , the boundary conditions result
as follows:
At z D 0,

u0 D 0 (14a)

v0 D 0 (14b)

µx D 0 (14c)

µy D 0 (14d)
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and at z D L

±u0 : a43.z/µ 0
x C a44.z/.u 0

0 C µy / C a45.z/.v 0
0 C µx / D 0 (15a)

±v0 : a52.z/µ 0
y C a55.z/.v 0

0 C µx / C a45.z/.u 0
0 C µy / D 0 (15b)

±µy : a22.z/µ 0
y C a25.z/.v 0

0 C µx / C a23.z/µ 0
x D OMy (15c)

±µx : a33.z/µ 0
x C a34.z/.u 0

0 C µy / C a23.z/µ 0
y D OMx (15d)

In these equations

R.z/ ´
£
R0.L ¡ z/ C 1

2 .L2 ¡ z2/
¤

(16)

whereas the coef� cients ai j .z/ D a ji .z/ and bi .z/ are stiffness and
reduced mass terms, respectively.

Having in view all of these elements, one obtains expressions of
stiffness quantities in terms of their cross-sectional principal axes
x p and y p counterparts, which are given in the Appendix, together
with those of mass terms. Equations (13) and (15) reveal that, in the
context of the considered ply-angle con� guration, the � apping and
lagging motions are coupled with transverse shear. For this case,
the stiffness quantities a34 and a25 are a re� ection of this ply-angle
con� guration. In addition, the stiffness quantities a45 and a23 and
the mass terms b6 and b13, which are different from zero only in the
caseof a pretwistedbeam,inducea supplementarycouplingbetween
the � apping and lagging motions. However, from the expressions
of a45; a23; b6 , and b13 (see the Appendix), it can readily be seen
that for an axisymmetric box-beam of a square cross section, these
are zero-valued quantities for any value of ¯. Note that in addition
to the already mentioned coupling terms generated by pretwist, the
remaining ones involve, as a result of pretwist, a more complex
feature.Their expressions,shown in the Appendix, substantiate this
statement in full.

As a result, in such a case, the � apping–lagging coupling arises
independentlyfrom the pretwist effect.Notice that in addition to the
elastic coupling between the � apping and lagging induced by the
described ply-angle distributionand the pretwist, Eqs. (13) through
(15) also feature the couplingbetween the � apwise shear and chord-
wise bending and between chordwise shear and � apwise bending.
Moreover, the precedingsystemof governingequationsalso include
the centrifugal and rotatory inertia effects.

Because of the inclusion of transverse shear effects, the system
of Eqs. (13)–(15) belongs to the shearable beam model, whereas
its classical counterpart,obtained when transverse shear effects are
discarded, is referred to as the unshearable model. Notice that, via
the use of the CUS ply-angle con� guration, from the entire system
of equilbrium equations, an additional governing equations system
is obtained featuring the extension– twist coupling, decoupled from
the one characterized by bending–bending– transverse shear cross-
coupling. For nonpretwisted beams, the corresponding governing
equations have been supplied in the Refs. 8 and 9.

Because this paper involves a study of beams featuring only
transversal–lateral–bendingcrosscoupling,thecomplementarysys-
tem of equations involving extension– twist cross coupling will not
be considered.

Nonshearable Counterpart of the Shearable
Rotating Beam Model

Expressions a44.u0
0 C µy / C a45.u 0

0 C µx / and a55.v 0
0 C µx / C

a54.u 0
0 C µy/ from Eqs. (13c) and (13d), respectively, and their cor-

respondingreplacementin Eqs. (13a), (13b), and (15a), followed by
considerationof µx ! ¡v0

0 and µy D ¡u 0
0 yield the Bernoulli–Euler

counterpart of Eqs. (13–15). As a result, the governing equations
are

±u0 : [a22.z/u 00
0 C a23.z/v00

0 ]00 ¡
n
[b5.z/ C b15.z/]

±
Ru 0

PPP0
¡ Ä2u 0

0

²

»»»

C [b6.z/ ¡ b13.z/]Rv0

PPP0

o0
C b1 Ru0 ¡ b1Ä2u0

¡ b1Ä2[R.z/u 0
0]

0 D 0 (17a)

±v0 : [a33.z/v00
0 C a23.z/u 00

0]
00 ¡

n
[b4.z/ C b14.z/]

±
Rv 0

PPP0
¡ Ä2v 0

0

²

»»»

C [b6.z/ ¡ b13.z/]
±

Ru 0

PPP0
¡ Ä2u0

0

²

»»»

0o
C b1 Rv0 ¡ b1Ä

2[R.z/v 0
0]

0 D 0

(17b)

The associated boundary conditions are, at z D 0,

u0 D v0 D u 0
0 D v 0

0 D 0 (18)

and at z D L

±u0 : [a22.L/u00
0 C a23.L/v 00

0 ]0 ¡ [b5.L/ C b15.L/]
±

Ru0

PPP0
¡ Ä2u0

0

²

»»»
¡ [b6.L/ ¡ b13.L/]Rv 0

PPP0
D 0 (19a)

±v0 : [a33.L/v 00
0 C a23.L/u00

0 ]0 ¡ [b4.L/ C b14.L/]
±

Rv 0

PPP0
¡ Ä2v 0

0

²

»»»

¡ [b6.L/ ¡ b13.L/]
±

Ru0

PPP0
¡ Ä2u0

0

²

»»»
D 0 (19b)

±u0
0 : a22.L/u 00

0 C a23.L/v00
0 D OMy (19c)

±v0
0 : a33.L/v 00

0 C a23.L/u 00
0 D OMx (19d)

In this case, the � apping– lagging coupling stiffness induced by
the pretwist effect is a23.z/, and [b6.z/ ¡ b13.z/] is the dynamic
� apping–lagging coupling term induced by pretwist.

This procedureof reducing the governingequations of the shear-
able beam model to their unshearable counterpart is exact, and a
similar one is used in shell/plates theory as well. An alternative
approach that is implemented directly in the strain energy density
function of TWB was devised in Ref. 17.

Consistent with the number of four boundary conditions at each
edge, the governing equations for both shearable and unshearable
pretwisted rotating beams are of order eight. A noticeable differ-
ence between the shearable and unshearable beam models is that,
in the former instance, the eigenfrequenciesdo not intervene, in the
boundary conditions at the beam tip, whereas in the latter one, they
do.

Note that these terms are associated with the rotatory and
centrifugal-rotatoryeffects, which usually are neglected. In our ap-
proach, however, these terms have been retained.Note that the non-
rotating version of Eqs. (17–19) coincides with that obtained for a
solid pretwisted beam in Ref. 18.

In Eqs. (15c) and (15d) and their nonshearable counterparts,
Eqs. (19c) and (19d), OMy and OMx are the piezoelectricallyinduced
bending moments about the axes y and x , respectively, which ap-
pear as nonhomogeneousterms in the boundaryconditionsat z D L .
Notice that OMx and OMy are different from zero, if external voltages
of opposite signs are applied in the top and bottom and in the lateral
piezoactuator layers, respectively (out-of-phaseactivation;e.g., see
Refs. 19–22).

Note that in the light of the actuator con� guration, the piezoelec-
trically induced stress resultant and stress couples are independent
on the z coordinate. As a result, in the governing equations their
contributionis immaterialwhereas in the boundaryconditionsthese
intervene as nonhomogeneous terms only. This feature renders the
control to be accomplishedvia the piezoelectricallyinducedbound-
ary bending moments. Notice that the boundary control constitutes
a powerful way to control the static and dynamic response of struc-
tures (see Refs. 23 and 24).

Piezoactuators and Control Law
It is assumed that the master structure is composed of r layers

while the actuator is composed of p piezoelectric layers. We stip-
ulate that the actuators are distributed over the entire span of the
blade, whereas along the circumferentialand transverse directions,
that is, along the s and n directions, they are distributed according
to the law



SONG, LIBRESCU, AND OH 289

P.k/.n/ D H
¡
n ¡ n.k¡/

¢
¡ H

¡
n ¡ n.kC/

¢

P.k/.s/ D H
¡
s ¡ s.k¡/

¢
¡ H

¡
s ¡ s.kC /

¢
(20)

where H is the Heaviside distribution, P is a spatial function that
de� nes the distributionof actuators in the n and the s directions,and
the subscript k identi� es the af� liation of the respective quantity to
the kth layer.

When it is assumed that the electric � eld vector Ei is represented
in terms of its component E3 in the n-direction, coinciding with the
direction of polarization (referred to as thickness polarization), the
boundary moment controls are expressed as
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where e31 is the piezoelectric constant, OAi j and OBi j are the stan-
dard local-stiffness quantities associated with the piezoactuators,
and

H
.¢/ ds is the integral around the circumference of the midline

cross section of the beam.
For E3 constant throughout the piezoactuator thickness, which

implies E .k/

3 ´ E3, Eqs. (21) can be expressed in condensed form as

OMx D E3Mx (22a)

OMy D E3My (22b)

where the meaning of Mx and My becomes evident by comparing
Eqs. (22) with (21).

Equations (21) reveal that the piezoelectrically induced bending
moments are proportional to the applied electric current E3 . Now,
when it is assumed that the piezoelectricelements can be employed
concurrently for sensing and actuation, for sensing operation the
electric displacement results as

D3 D e31 Szz (23)

and the sensor output voltage is expressed in the form25

Vs.t/ D qs .t/=Cp (24)

where the electric charge qs.t/ is

qs.t/ D
Z

As

D3 dAs D
Z

As

e31Szz dAs (25)

C p and As are the sensor’s capacitanceand piezoelectricpatch area,
respectively.When it is assumed that the sensor patches are located
symmetrically on the opposite walls, that is, on x D 0; y D §b=2
and y D 0; x D §c=2, and a symmetric distribution is featured with
respect to the x and y axes along the s direction and also in view of
the expression of Szz (Refs. 6 and 7) and Eqs. (24) and (25), V x

s .t/
and V y

s .t/ may be expressed as

V x
s .t/ D C s

x µx .L; t/ (26a)

V y
s .t/ D C s

yµy .L; t/ (26b)

The expressions of C s
y and C s

x are not shown here.

Two feedback control law strategies will be adopted, namely, 1)
the proportional control law and 2) the velocity control law.

Within the � rst control law, one postulates that the actuatingelec-
tric � eld is proportional to the sensor output voltage, which imples

E x
3 .t/ D K p V x

s .t/
¯

ha (27a)

E y
3 .t/ D K p V y

s .t/
¯

ha (27b)

whereas within the velocity feedback control law,

E x
3 .t/ D Kv

dV x
s .t/=dt

ha

(28a)

E y
3 .t/ D Kv

dV y
s .t/=dt

ha

(28b)

where ha is the thickness of the piezoactuator.
Consequently, in the � rst case, replacement of Eqs. (27) con-

sidered in conjunction with Eqs. (26) into Eqs. (22) results in the
piezoelectricallyinduced bending moments expressed as
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¤
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OMx .L; t/ D
¡
K pCM a

x

¯
ha

¢£
C s

x µx .L ; t/
¤

D K pC22µx .L ; t/ (29b)

In the second case of the feedback control law, replacement of
Eq. (28) consideredin conjunctionwith Eqs. (26) in Eqs. (22) yields
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¯
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It is seen that the piezoelectrically induced bending moments,
Eqs. (29) and (30), are obtained through the combination of both
sensing and actuation functions.

Here
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where p1 and p2 denote the lengths of the piezoactuatorsalong the
x and y directions (see Fig. 1b).

As concernsthe proportionaland velocity feedbackgains K p and
Kv , respectively, these will be used in dimensionless form as

NK p D K p L= Oa33h p (32a)

NK v D Kv L= Oa33h p (32b)

where Oa33 is the transversebending stiffness correspondingto µ D 0
and ¯ D 0.

The coupled governingequations (13) considered in conjunction
with the boundaryconditionsEqs. (14) and (15), and the controllaw,
Eqs. (29) or (30), constitutes the closed-loop eigenvalue problem
related to the shearable theory of rotating thin-walled beams.

Discretized Governing Equations
of Adaptive Rotating Beams

For practicalpurposes,it is necessaryto discretizethe eigenvalue-
value problem. This amounts to representing u0; v0; µx , and µy by
means of series of space-dependent trial functions multiplied by
time-dependent generalized coordinates. The discretization can be
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more conveniently performed via the Extended Galerkin Method
(e.g., see Refs. 7, 11, 13, and 21). To this end, we express the dis-
placements as

u0.z; t/ D UT
0 .z/qu.t/; v0.z; t/ D VT

0 .z/qv.t/

µx .z; t/ D XT
0 .z/qx .t/; µy.z; t/ D YT

0 .z/qy .t/ (33)

where

U0.z/ D [u1 u2 : : : uN ]T ; V0.z/ D [v1 v2 : : : vN ]T

X0.z/ D [x1 x2 : : : xN ]T ; Y0.z/ D [y1 y2 : : : yN ]T (34)

are the vectors of the space-dependent trial functions, selected to
ful� ll at least the geometrical boundary conditions, whereas for
free-vibrationproblem qu.t/; qv.t/; qx .t/, and qy .t/ are represented
generically as

F.t/ D NFe¸t (35)

where NF and ¸ are constants, both generally complex.
In the case NKv 6D 0; the solutionof the algebraiceigenvalueprob-

lem yields the closed-loop eigenvalues

.¸r ; Ņ
r / D ¾r § i!dr (36)

whichdependon the feedbackcontrolgain NKv , where¾r is a measure
of the damping in the r th mode whereas !dr is the r th frequencyof
the damped oscillations.The damping factor in the r th mode results
as

³r D ¡¾r

¯¡
¾ 2

r C !2
dr

¢ 1
2 (37)

When NKv D 0 and NK p 6D 0; then .¸r ; Ņ
r / D §i!r , and as a result,

undamped free vibrations are experienced.

Numerical Simulations and Discussion
Although the obtained equationsare valid for a beam of arbitrary

closed cross section, for the sake of illustrationthe case of a rotating
beam modeled as a composite box beam (see Fig. 1) characterized
by a cross-sectionalratio R.´ c=b/ D 5 was considered.In addition,
unlessotherwisespeci� ed, thedimensionsconsideredare L D 80 in.
(2.023m),c D 10 in. (0.254m),b D 2 in. (50:8 £ 10¡3 m), h D 0:4 in.
(10:16 £ 10¡3 m), and h p D 0:015 in. (0:381 £ 10¡3 m).

Dependingon whether the � apping, lagging,or � apping–lagging
coupled motions are intended to be controlled, the piezoactuator
layers (selected to be of PZT-4) should be located on the top and
bottom � anges, on the opposite lateral webs of the master structure,
or on both the � anges and webs, respectively.

Whereas the geometric characteristicsof the structure are shown
in Fig. 1, the properties of the PZT-4 piezoceramicmay be found in
Ref. 26 (pp.202–204), and thoseof the host structurecorrespondto a
graphite/epoxymaterial, itsmechanicalcharacteristicsin theon-axis
con� guration are given by EL D 30 £ 106 psi (20:68 £ 1010 N/m2 ),
ET D 0:75 £ 106 psi (5:17 £ 109 N/m2 ), G LT D 0:37 £ 106 psi
(2:55 £ 109 N/m2), GT T D 0:45 £ 106 psi (3:10 £ 109 N/m2 ), ¹T T D
¹L T D 0:25, and ½ D 14:3 £ 10¡5 lb ¢ s2/in.4 (1528.15kg/m3 ), where
subscripts L and T are directionsparallel and transverse to the � ber,
respectively.

Note that, in spite of the extensive work and results devoted to
eigenvibrationresponse of pretwisted rotating27¡29 and nonrotating
bladesmodeledas solid isotropicbeamsand incorporatingbending–

bending cross coupling, (e.g., see Refs. 30–34), to the best of the
authors’ knowledge, there are no available results associated with
bothadaptiveand nonadaptiveanisotropicpretwistedrotatingTWB.

For this reason, before presenting results revealing the effects of
anisotropycoupledwith thatof thepretwistandof adaptivematerials
technologyon dynamics of thin-walled rotatingblades, results to be
compared with the ones obtained within the solid beam model of
rectangular cross sections are displayed.

Figure 2 shows the � rst three coupled eigenfrequencies of the
nonrotatingbeam as a functionof the pretwist angle at the beam tip.
The trend of variationof !i vs ¯ , as shown in Fig. 2, is similar to that

Fig. 2 Variation of � rst three coupled � apping and lagging natural
frequencies vs pretwist angle, µ = 0 deg and X = 0 deg.

featured by a solid beam of similar R, as reported in Refs. 29–31.
Figures3a–3c, showfor selectedvaluesof thebladerotationalspeed,
the variations of � rst three eigenfrequencies as a function of the
pretwist angle. The trend as emerging from these plots coincides
with that reportedin Ref. 27 for the case of a rotatingblade modeled
as a solid isotropic beam.

The effect of the hub radius R0 on the � rst three decoupledeigen-
frequencies in � apping and lagging is shown in Figs. 4a and 4b,
respectively. Whereas the emerging trend shown in Fig. 4a coin-
cides with that reported in Ref. 35, where only the � apping motion
of rotatingbladeswas considered,the trend in Fig. 4b, revealingthat
the lagging eigenfrequenciesare little in� uenced by the hub radius,
appears to have not been reported yet in the literature.

The effect of transverseshear resulting in a decay of higher mode
eigenfrequenciesas predicted by the unshearablenonrotating beam
model is shown in Fig. 5. The same trend related with the in� uence
of transverse shear was reported for rotating solid beams in Ref. 31.

In Table 1, the effects of the chord-to-thicknessratio c=h on the
� rst three natural frequencies !i (radian per second), within the
shearable and unshearable box-beam models, and for the ply-angle
con� gurations µ D 0 and 90 deg are emphasized. Here !1(F1) and
!3(F2) are the � rst consecutive frequencies in � apping, whereas
!2(L1) is the � rst frequency in lagging.

The results reveal that the decreaseof the chord-to-thicknessratio
c=h from to 50 to 10 (implying, when c is hold � xed, a � ve times
increase of the wall thickness) plays a very modest role toward
the increase of eigenfrequencies.This trend is due to the inherent
large bending stiffnesses featured by the box beam. As a result, the
increase of the wall thickness yields only a slight increase of the
global bending stiffness quantities.

In contrast, the tailoring technique plays a very signi� cant role
toward the increase of eigenfrequencies. In the present case, for
µ D 90 deg, maximum � exural stiffnesses in � apping, a33 , and lag-
ging, a22, are obtained that result in a notable increase of natural
frequencies.This is in contrast to the ply angle µ D 0 deg for which
these stiffness quantities reach a minimum value.36

Figures 6 and 7 highlight the effects of rotational velocity Ä
considered in conjunction with the implementation of the veloc-
ity feedback control strategy on the decoupled natural fundamental
frequencies in � apping and lagging that occur at ply angle µ D 0
deg. The results reveal that, at moderate rotational speeds, the � rst
� apwise mode exhibits the lowest frequency. However, due to the
centrifugal stiffening effect (which is much more signi� cant in the
� apping modes), beyond a certain angular speed the lagging fre-
quency becomes the lower of the two. Figure 6 shows that, for
the unactivated beam in the vicinity of Ä »D 150 rad/s, a frequency
crossing of lagging and � apping modes occurs.

The results also show that for the activated beams this frequency
crossing is shifted toward larger rotational velocities. Figure 7
shows, for the second frequency, the � apping– lagging frequency
crossing occurs at larger values of Ä as compared to that occurring
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Fig. 3a Variation of � rst coupled � apping– laggingnatural frequencies
vs pretwist angle for selected rotational speeds, µ = 0 deg.

Fig. 3b Counterpart of Fig. 1a for the second coupled mode frequency.

Fig. 3c Counterpart of Fig. 1a for the third coupled mode frequency.

for the fundamental frequencies. At the same time, the supplied
results show that, for the ply angle µ D 0 deg, the piezoelectric ac-
tuation has a more powerful effect on the lagging frequencies than
on the � apping ones, whereas for µ D 90 deg (see Figs. 8 and 9), the
opposite trend, as compared with that emerging from Figs. 6 and 7,
is observed.

In addition, for ply angle µ D 90 deg, due to the larger bending
stiffnesses in both � apping and laggingas inducedby this ply angle,

Table 1 Effect of chord-to-thickness ratio on the natural frequencies
!i for X = 100 (rad/s) and ¯ = 0 deg

c=hFrequency,
Model rad/s 10 20 30 40 50

µ D 0 deg
Shearable !1(F1) 120.393 119.957 119.874 119.848 119.844

!2(L1) 146.901 146.845 146.834 146.83 146.828
!3(F2) 367.583 362.998 362.125 361.834 361.683

Nonshearable !1(F1) 120.516 120.074 119.992 119.963 119.949
!2(L1) 148.166 148.107 148.096 148.093 148.091
!3(F2) 369.025 364.36 363.489 363.183 363.042

µ D 90 deg
Shearable !1(F1) 265.037 259.471 258.423 258.055 257.885

!2(L1) 667.59 667.396 667.359 667.347 667.341
!3(F2) 1312.12 1287.78 1283.13 1281.5 1280.74

Nonshearable !1(F1) 272.406 266.265 265.112 264.708 264.52
!2(L1) 838.604 838.216 838.144 838.119 838.107
!3(F2) 1564.91 1523.2 1515.34 1512.58 1511.3

Fig. 4a Effect of hub radius on the � rst three decoupled � apping nat-
ural frequencies for both rotating and nonrotating blade.

Fig. 4b Counterpart of Fig. 4a for the case of lagging natural
frequencies.
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Fig. 5 Effect of transverse shear on the � rst three coupled natural
frequencies; µ = 90 deg and ¯ = 90 deg.

Fig. 6 Variation of � rst decoupled � apping and lagging natural fre-
quencies vs rotational speed for selected ÅÅKv; µ = 0 deg and ¯ = 0 deg.

Fig. 7 Variation of second decoupled � apping and laggingnatural fre-
quencies vs rotational speed for selected ÅÅKv; µ = 90 deg and ¯ = 0 deg.

the frequenciesare much larger within the entire range of rotational
speeds as compared to their counterparts for µ D 0 deg. Also, the
frequency crossing takes place at much larger rotational speeds for
both the unactivatedand activated rotor blade. In the case of higher
modes (Fig. 9), the frequencies remain separated in the usual range
of rotational speeds, in the sense that no frequency crossings occur
in that range. Recall that, via velocity feedback control, induced
damping is generated.

Fig. 8 Variation of � rst decoupled � apping and lagging natural fre-
quencies vs rotational speed for selected ÅÅKv; µ = 90 deg and ¯ = 0 deg.

Fig. 9 Variation of second decoupled � apping and laggingnatural fre-
quencies vs rotational speed for selected ÅÅKv; µ = 90 deg and ¯ = 0 deg.

Figures10 and 11 showthe induceddampingfactors³r associated
with the decoupled motions in � apping and lagging, respectively.
It is seen that the increase of ³r with NKv takes place until a cer-
tain value of the feedback gain, speci� c to each mode number. Be-
yond that speci� c value of NKv; referred to as the optimum feedback
gain, a sharp drop of ³r is experienced.

This trend is consistent with that reported, in different contexts,
in Refs. 9 and 37. The comparison of results shown in Figs. 10 and
11 show that, in order to get almost the same damping factor, larger
feedback gains in lagging than in � apping are needed.

Related to the implementationof the proportional feedback con-
trol strategy, results not displayed here reveal that this strategy does
not provide any substantial advantage as compared to that supplied
by velocity feedback control. In addition,with that control method-
ology, there is no possibility to induce damping.

The effectsof the feedbackgain NK p andof theply angleon the � rst
two coupled frequencies of a pretwisted rotating blade .¯ D 90 deg
and Ä D 100 rad/s), are shown in Figs. 12 and 13. The results reveal
the relatively modest effect played by the piezoelectric actuation.

In Figs. 14 and 15, the variation of the � rst two coupled � apping–

lagging natural frequenciesof the adaptive rotating blade as a func-
tion of the ply angle for prescribed values of the pretwist angle is
supplied. The signi� cant effect of ply angle on increasing the fre-
quencies is worth noting. Moreover, the variation with ¯ of natural
frequencies is consistent, as it should be, with the trend emerging
from Fig. 2.

In connection with one of the assumptions used in this paper,
namely, that of invariability of the cross-sectional shape, although
it is consistent with the requirement of preserving the original
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Fig. 10 Induced damping factors in � apping vs Å ÅKv ; µ = 0 deg, ¯ =
0 deg, and X = 0.

Fig. 11 Courterpart of Fig. 10 for the damping factor in lagging.

Fig. 12 Variation of the � rst coupled � apping–lagging natural fre-
quency vs Å ÅKp for selected values of the ply angle; ¯ = 90 deg and X =
100 rad/s.

Fig. 13 Variation of the second coupled � apping– lagging natural fre-
quency vs ÅÅKp for different ply angles; ¯ = 90 deg and X = 100 rad/s.

Fig. 14 Variation of the � rst coupled � apping–lagging natural fre-
quency vs ply angle for selected values of the total pretwist angle; Å ÅKp =
0:1 and X = 100 rad/s.

Fig. 15 Counterpart of Fig. 14 for the second coupled natural
frequency.
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aerodynamic features of the pro� le, in Ref. 38 it was shown, in
an asymptotic sense, that for the CUS con� guration beams this
constraint does not result in overpredictions of related stiffness
quantities.

Finally, note that in Ref. 39 the rotatingbox beamwas modeled to
include the bending– torsionelasticcouplingvia the implementation
of the circumferentiallyasymmetric stiffness con� guration.

Conclusions
A dynamic theory of rotatingcompositeblades modeled as TWB

of arbitrarycross sectionobtainedvia Hamilton’s variationalprinci-
ple was supplied.The theory incorporatesa number of nonclassical
features that are essential for a reliable prediction of free-vibration
characteristicsof rotatingcompositeblades.Among others, the the-
ory includes transverseshear, anisotropyof constituentmaterials of
the host structure, pretwist, and the adaptive control capability.The
strong and synergisticeffect played by the directionalitypropertyof
advanced composite materials, considered in conjunction with that
of piezoelecticactuation, on their dynamic response characteristics
was highlighted. A powerful and robust solution methodology was
used to determine both the open- and closed-loopfree-vibrationre-
sponse characteristics.Although of a general character, in the sense
of incorporating a number of essential non-classical features, the
rotating blade model used can be extended further to include addi-
tionaleffects,for example,thepresetting,precone,andcross-section
nonuniformity.The results of such a generalizationwill be reported
elsewhere.

Appendix: Expression of Global Stiffness Quantities
Including the Pretwist Effect

The global stiffness quantities including the pretwist effect are

a22 D
£
m2a p

22 C n2a p
33 ¡ 2mna p

23

¤
; a23 D mn

£
a p
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33

¤

a25 D a52 D
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34 C mn

¡
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35
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In addition, the mass terms are given by

b1 D b p
1 ; b4 D m2bp

4 C n2b p
5 C 2mnbp

6

b5 D m2b p
5 C n2bp

4 ¡ 2mnbp
6 ; b6 D mn

£
bp

5 ¡ b p
4

¤

b13 D mn
£
b p

14 ¡ bp
15

¤
; b14 D m2b p

14 C n2bp
15 ¡ 2mnb p

13

b15 D m2b p
15 C n2bp

14 C 2mnbp
13

In these expressions, superscript p indicates that the symbols af-
fectedby it are associatedwith the beam cross sectionreferredto the
principalaxes, x p and y p , whereasm.Z / ´ cos ¯ and n.Z / ´ sin ¯.
The expressions of stiffness and mass terms referred to principal
axes may be found in Ref. 6.
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